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Abstract. An analytic expression is obtained for the free energy of fermions bound in an
anisotropic harmonic potential in the presence of an arbitrary magnetic field, at a finite
temperature. The specific heat and the magnetic moment are readily calculated. Our results
consist of two parts, a steady part and an oscillatory one. The latter is similar to the well
known de Haas-van Alphen oscillation, but persists in the absence of a magnetic field.
Applications of our results to the nuclear shell model and surface effects of solids are
briefly discussed.

1. Introduction

Exactly soluble models often lead to qualitative and useful results, although they may
not be accurate enough quantitatively. One of the most familiar and widely used
models in physics as well as physical chemistry is that of the harmonic oscillator
(Moshinsky 1969). The shell model is certainly a cornerstone in modern nuclear
physics. A harmonic oscillator system has been used with enormous success to model
the nuclear vibrational and electronic motions in complex molecular systems and to
provide a basis for interpreting molecular spectra, chemical kinetics, and both inter-
and intramolecular energy transfer phenomena.

The Schrodinger equation for systems with either isotropic or anisotropic harmonic
oscillation potentials without magnetic field is soluble exactly, and it is also well known
that the energy levels of an electron in the absence of potential barrier are quantised
into Landau levels by an external magnetic field. The problem of the combination of
isotropic harmonic potential and magnetic field was solved by Papadopoulos (1971)
and Chanmugam et al (1972). Later the results were extended to an anisotropic
harmonic potential (Datta and Richardson 1977) and an arbitrary quadratic potential
(Davies 1985). The energy eigenvalues of the systems mentioned above are found to
be those of an anisotropic harmonic oscillator in the absence of magnetic field, with
frequencies that depend on the original natural frequencies and the applied magnetic
field. This simple model has been applied to the calculations of Kemp’s magneto-
emission process (Kemp 1970) in magnetic white dwarfs (Chanmugam et al 1972) and
the magneto-optical absorption spectroscopy and Faraday effect (Datta and Richardson
1977).

In the early work by Papadopoulos (1971), Boltzmann statistics are used to evaluate
the partition function of a canonical ensemble of harmonically bound particles, which
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is then applied to the discussion of the magnetisation of an ionic lattice. Zero-
temperature Fermi statistics was also considered by Papadopoulos and the steady part
of the nuclear magnetisation in the shell model obtained.

The purpose of this paper is to extend the Fermi statistics of the system to finite
temperature. As we shall soon see, apart from a steady term in the free energy, there
is a de Haas-van Alphen-like oscillatory term, which even persists when the applied
magnetic field vanishes.

The technique that we shall employ is the Sondheimer-Wilson (sw) Laplace
transform method (Sondheimer and Wilson 1951), which relates Boltzmann statistics
to Fermi statistics by the Laplace transform. In appendix 1, we present an alternative
derivation of the sw result—which we consider is more physically appealing—as well
as a discussion of the same.

2, The free energy

First of all we shall review the basic features of a harmonically bound fermion in a
uniform magnetic field. The Hamiltonian of this system is the following:

2
=E;—4<-iﬁv—§A) +iM(wix’+ w3y’ +wiz?)-yS B (1)
where V x 4 = B is the magnetic field and oriented in an arbitrary direction, w,, w,
and w; are the natural frequencies of the oscillator, M and e are the mass and the
charge of the fermion, S is the spin of the fermion and y is the gyromagnetic ratio.

It has been shown (Davies 1985) that the eigenenergies of Hamiltonian (1) without
the last spin-dependent term are, in general,

Eimn={U+H)AQ,+(m+)KQ,+ (n+1H)AQ,. 2)

Here I m,n=0,1,2,...,Q,, Q, and Q, are the eigenfrequencies which depend on the
natural frequencies, and on both the magnitude and direction of the magnetic field.
Needless to say (2;(i =1, 2, 3) must approach o; when the magnetic field goes to zero.
In the case w,=w,=w;=w, where we have an isotropic harmonic oscillator, the
eigenfrequencies can be determined as follows: Q,,=(w*+ w1)"*t w,, O, = w, where
w_=eB/2MC is the Larmor frequency and the direction of the magnetic field has
been chosen to be the z axis.

It is easy to extend Davies’ result to the case of fermions with arbitrary spin s/2,
where s is a positive odd integer. The eigenenergies of Hamiltonian (1) are the
following:

Elmna- = Elmn - YSBB (3)

where Sp is the spin component along the direction of B, Sg=(—s5/2)#, (-s5/2+
D#,...,(s/2)h and B=|B|.

As a direct consequence of (3), the Boltzmann partition function of a canonical
ensemble of such systems can be written as

Z(B)=Zl(ﬂsﬂl)zl(ﬁa QZ)ZI(Ba Qs)Qs(B) (4)

where B8 =1/kT is the inverse temperature and

Z,(B, w) =[2sinh(Bhw/2)]™! (5)
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is the partition function of a one-dimensional harmonic oscillator with frequency w
(Wilson 1965). Q,(B) is a factor introduced by spin:

(3/2)h

Q(B)= ¥  exp(BySsB)

Su=(—s/20h

= sinh(——(s i I)HNSB) [sinh(———B“SB)] ) 6)
2 2
where = yh.

The free energy of this ensemble with Fermi-Dirac statistics can be evaluated from
the known Boltzmann partition function by the Sondheimer-Wilson Laplace transform
technique (1951), which is discussed below and in appendix 1.

If one defines a function ¢(E) by

Z;‘f)ELBw(E)FL 6(E) e dE ™
or
V4
as(E)ELg‘(—;’f))
_L C+iacZ(B) sE
_2m'L_ix g ¢ 9p ®

where the real number C is chosen such that every singular point of Z(g)/8° stays
on the left-hand side of C, then the Fermi-Dirac free energy is given by

3f(E)
oE
Here L and L™ in (7) and (8) denote the Laplace transform and its inverse, respectively,
f(E) is the Fermi-Dirac distribution function:
1

) SPBE w11 (0

where p is the Fermi energy, which is determined by the number of particles N. As
we shall see later (equation {A1.7)), the second derivative of the function ¢ (E) is just
the density of states.

The Laplace inverse in (8) can be carried out by using (4) and (5) for our system.
The result consists of a steady part and an oscillatory part. Basically, the behaviour
of the Boltzmann partition function near 8 =0 determines the steady part, whereas
the singularities along the imaginary axis of 8 plane introduce the oscillatory part.
Since the orders of the singularities depend on whether (i) Q,, Q, and ), are all
different, (ii) any two frequencies are equal, the third is different, (iii) three frequencies
are all the same, separate derivations and expressions are needed for the oscillatory
term in the above three cases. The detailed proof is put in appendix 2. In general the
results can be written as the following:

&(E) = ¢y (E)+ do(E) (1)
where the steady part

F=N,L+r ¢(E) dE. 9)

(s+1)

$(E)= ﬁm,nzns(z"y‘%d‘y"L d,) (12)
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with
d,=a,—b, (13)
a,=5h(Q7+Q3+Q3) (14)
b,=(u,B)*[(s+1)"—1]/24 (15)

and
d>=a,+b,~a,b, (16)
a,= 7h (Q“+Qz+ﬂ3)——hi( Q3+0303+0309) (17)

5760

by=(u,B)*[3(s+1)*—10(s +1)*+7]/5760. (18)

First we consider the case (i) where Q,, ), and Q; are all different. The oscillatory
part is the following'
= (-1))  R(Q,) cos(2I7E/hQ,)
E)
ol Z“ (Im)? sin(lmQ,/Q,) sin(l7Q:/ Q)
2O, = (1)) R(Q,) cos(2InE/H85)
8 /2 (Im)? sin(ImrQ,/Q5) sin(IwQ,/ Q)
7, & (1) R(£;) cos(ImE/ hLy)
8 /= (Im)? sin(17Q,/Q3) sin(lwQ,/ Q)

where the R factors are due to spin:

R(w)=sin (—(”1)1’”‘53) [sin (——I”“SBﬂ_ . (20)
hw hw

Thus we have obtained the function ¢(E) for three different frequencies. The next
thing we shall do is to use (9) to calculate the free energy. In general, the integration
in (9) has to be carried out numerically. But if u » kT, we are able to obtain a closed
analytic expression, as follows (see appendix 3 for details):

-+

(19)

F=Nu+F,+F, o1
where
——mm-%( S —dy+o[ 107 (kT )’ ]) (22)
and
LIS (—1>"‘< R cos(lmu/ Q)
4 = | sinh(Qm?IkT/ kh Q) sin(I7Q,/ Q) sin(l7,/Q,)

+ R(Q,) cos(lmu/ hQ,)
sinh(272IkT/ hQ,) sin(IrQ;/Q,) sin(lrQ,/ Q)
+ R(Qs) cos(lmu/ hQs) )

sinh(272kT/ 1 Q) sin(lmQ,/Q5) sin(IrQ,/ Q) )

We shall also write down the results for F, in cases (ii) and (iii), saving the detailed
proof in the appendices.

(23)



Free energy for fermions in a magnetic field 941

When any two frequencies are equal, but differ from the third, we denote the two
equal frequencies by Q and the third by o. In this case, the oscillatory free energy
takes the following form:

Pk DT R(w) cos(2lmu/ hw)
T 4 4~ 1 sinhQQ7kT/ho)sin’(IrQ)/ w)
kT & R(Q1)

+_ 2 .
2 S IsinhQQm IkT/ 78)) sin(lrw /)

£ 00 ) ) o2 )
x{[thG(Q)+Iﬁ+ >0 cot a cos s ﬁQsm w0

(24)
where another spin factor is defined by
i +
G(Q) = sm(sln"usB/hQ) e ((s 1)177;.:.53). (25)
sin(lru B/ A Q) sin((s + 1) lau,B/ Q) hQ

In the case where Q, = Q,=Q,=, the corresponding result is

-1 8 L (8) s () ()
F°S_kT,;lsinh(27rzlkT/hQ) na) T \ra) ™M wa

4B G“”J(M) _l(i)zl 3 ] <2IW>}
+[<2m) = s\na)P3a) Tt i)\ ha

(26)
where
5 lru,B (lﬂ'(s-!—l)usB)
= +
D(Q)=(s+1) 2(s+1)cot< w0 )cot P
f lmu, B 5 lmu.sB)
cosec( 70 ) cot (———hﬂ . (27)

3. Discussions

We have obtained a closed expression for the free energy of a canonical ensemble of
anisotropic harmonic oscillators in a magnetic field by using Fermi-Dirac statistics.
Our result consists of two parts: steady and oscillatory ones. The physical quantities
of the system, such as specific heat, magnetic susceptibility, etc, can be calculated by
using standard thermodynamical relations. It is straightforward, but very lengthy. We
would rather make the following simple observations than writing down these results
explicitly.

Similar to the free energy, other thermodynamical quantities of the system also
contain oscillatory terms, and therefore show the de Haas-van Alphen-like oscillations
when the temperature of the magnetic field of the system varies. Since the eigenfrequen-
cies ({2) reduce to the natural frequencies (w) when the magnetic field vanishes, this
oscillatory behaviour of the specific heat, for instance, persists even in the absence of
a magnetic field.
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Because of the factor x;/sinh(lx;), where x,=27r2kT/th, j=1,2,3, in front of
each oscillatory term, the oscillation amplitudes are maximum when x; ~ 1 which is
kT ~0.1hQ, Jj=1,2,3. (28)

In the nuclear shell model, #(}; ~MeV, and (17) shows that the oscillation is most
significant when T ~ 10° K. The harmonic oscillator potential model considered above
is a useful approximation when one considers the effects of the surface barrier of solids
(Wang and O’Connell 1986).
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Appendix 1. An alternative derivation of the Sondheimer—Wilson results

The original proof of sw is rather mathematical. Here we shall show how the function
¢(E) is introduced physically. As we shall soon see, the second derivative of the
function ¢ (E) is just the density of states of the system.

Consider a system with energy levels E,< E;<E,.... The Boltzmann partition
function of a canonical ensemble of such a system is given by

Z(B)= Y d exp(~Ep) (AL.1)
i=0
where d, is the degeneracy of the ith energy level. In terms of the density of states
g(E)=} dS(E-E) (Al1.2)
i=0

we may substitute [~ g(E) dE for 23, d;, if we choose E,=0:

xc

Z(B)=J e *g(E)dE

0

= Ly[g(E)] (A13)

where L; denotes Laplace transform with variable 8. The inverse of (A1.3) is as
follows:

g(E)=LE'[Z(B)]. (Al1.4)

Here Lg' is the Laplace inverse with a variable E.
In Fermi-Dirac statistics the free energy of the ensemble is given by

1 o
F=Nu _E ;0 d; In{l1 +exp[B(n - E)1}

=N,u—%jo In{l +exp(B(n — E)]}g(E) dE. (A1.5)
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If one defines

¢(E)=L;(Z;’f))

_ —1— J’C-Hoo Z(ﬂ)
27 ) oliw ﬁ
one has the following relation:

°$/3E*=g(E).

BE dB

943

(A1.6)

(ALT)

It is easy to verify the following expressions for ¢(E) and its derivative 3¢/3E by

combining (A1.6) and (Al.1):

8(E)= 3, d(E~E)O(E ~E)

and
3¢ _ &
dO(E —E;
oF L, H0E-E)
where 6(x) is the step function:
1 x>0
6(x)= {0 x<0.
From (A1l.2), (A1.8) and (A1.9) we find that, for any e;< E,,
i
o (go) =3E E=Ec= g(eg) =0.

Hence

—_f—' «_ +x§£
L} ¢(E ) dE = ¢(E)f(E)I7, J aEf(E)dE

£o

J i d(ln{l +exp[B(n— E)]})

|e

1
B
13
57 In{1+exp[B(u — E)]}7,

E
3’
J In{1+exp[B(un— E]}a—E-ng

w |- "DI-‘

L In{l+exp[B(u—E)]}g(E) dE

which we identify as the second term in the free energy given by (A1.5).

Combination of (A1.5) and (A1.12) gives

F=Ny,+'[ d)(E)a—de

Fo

(A1.8)

(A1.9)

(A1.10)

(Al.11)

(A1.12)

(A1.13)

Since (A1.14) is true for any e,< E,, a special choice g,=0 gives the sw relation

(equation (7)).
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In order to see the physical meaning of ¢(E) more clearly, we now consider
absolute zero temperature, where

3f/8E = —8(E — po) (Al1.14)

and u, is the Fermi energy at absolute zero. The free energy at zero temperature, F,
say, is obtained by using (7) and (A1.14):

Fo= Nuo— ¢ (o). (A1.15)

In addition, u, can be found by using the general relation 8F/éu =0, which is now
simply (see (A1.13) and (A1.14))

N=6¢/3E|p-,,. (A1.16)

Another example we shall consider here is the one we met in the text. We have
obtained the exact expression for the function @¢(E), for a system of anisotropic
harmonic oscillators with an arbitrary (but uniform) magnetic field ((9)-(13)). 1t
follows from (A1.7) that the density of state of this system can be calculated by simply
taking the second derivative of the function ¢(E). The steady part of the density of
state agrees with that obtained via the semiclassical expansion technique (Bhaduri and
Ross 1971). The oscillatory part is singular, but when the energy spacing is much
smaller than the energy scale of the problem, the Fermi energy, say, the oscillatory
part (see (12)), is very small and can be ignored.

Appendix 2. Proof for equations (9)-(13)

The combination of (3), (4) and (6) gives

oo as Qe
27 Je_iw | 8B7sinh(BhQ,/2) sinh(BHQ,/2) sinh(BhQO,/2)

To carry out the integration in (A2.1), we choose the contour shown in figure 1
and rewrite the integral as follows:

(A2.1)

LJ‘Cﬁmdﬁ_z ___1_‘[ dﬁ__l_J' ds (A2.2)
2mi e 7 =Y T ami )R T 2 G ‘
o1
)
6
g
Re
\

Figure 1. The closed contour used in the evaluation of the integral appearing in (A2.1).
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where the second term vanishes and v is the residue of the integrand. As we shall
soon see, the first term oscillates, whereas the third is steady. We shall start with the
third term.
We observe that
13

x(sinh )" =1 _%_56—()X4+O(X6) when x = 0. (A2.3)

Hence

B (h*Q,0,0,/8)Q.(B)
sinh(#),8/2) sinh(h),B8/2) sinh(h;8/2)

=(s+1)(1-d,B*+d,B*) +0(B°) when 8 -0 (A2.4)
where d, and d, are given by (13)-(18). If we derive a new function by
P(a)= Q.(8)
882 sinh(#Q,B/2) sinh(#Q,B8/2) sinh(#Q,58/2)
_G+l) (1 d 4
_h39192Q3(BS BJ+B> (A2.5)

from (A2.4) we know that P(B) vanishes when 3 goes to zero. Also, the last term in
(A2.2) can be written in terms of P(B):

1 J’ Q.(B) e dB
7.0 887 sinh(#Q,8/2) sinh(#Q,8/2) sinh(#Q,8/2)

1 (s+1) 1 1 d, d
- P dg+——2 - = —_Z1, %) EB A2.6
zmjzao (B)dg+ 2 ZwiJ.‘g_)o(gS B3+B)e 4. (A26)

Since P(B)—>0 as B8~ 0, its integration along the small circle in o vanishes as § - 0.
Furthermore, since the x axis is not a branch cut for P(8), the integrations in opposite
directions along the x axis cancel. So the first term on the right-hand side of (A2.6)
is zero. The second term can be readily evaluated from the following representation
of a I function:

2mi

R SRS T v
" 27TiLe: dr. (A2.7)

This result will show that the last term in (A2.2) reduces to the steady part ¢, which
is given by (12).

Next we turn to calculate the first term in (A2.2). We begin with case (i), where
the three frequencies in (A2.2) are all different and all singularities of the integrand
are of the first order.

Since sinh(#Q;8/2) vanishes at B;;=(27l/hQ;)i, where j=1, 2, 3, and I=
+1, £2,..., the residue at 8;,, say, is

__hQ Q«(Bi) expl(2ITE/ 1), + Im)i]
16(Im)°  sin(lwQ,/Q,) sin(ImQs/Q,)

By changing , to Q,, Q; and Q; to Q; and Q, in (A2.8), one obtains y;, and ;.

Vi (A2.8)



946 L Wang and R F O’Connell

It is easy to verify that the summation of all the residues gives the oscillatory part
of ¢(E):

Y X =% (A2.9)

where ¢, is defined in (19).

When any two frequencies in (A2.1) are the same, but the third is different, we
denote the two equal frequencies by (1 and the third by w. Hence the residues at
B =27li/ hw, where 1= x1, 22, ..., are still given by the rHs of (A2.8), with Q,, Q;
replaced by () and (1, replaced by w. The singularities of 8, =2xli/ #{) are second
order and the residues are

_Qs(ﬁ,)exp[(2w1E/m)i](Q;(p,) 10 (,12) E)
g sin(lmo/ (2 \og) TN ) TT) A210

where the prime denotes differentiation with respect to B,.
It is straightforward to show that Q{(8,)/Q.(B;) is equal to u,BG({)/2, where
G(Q) is given by (25). Hence the function ¢,,( E) in this case can be written as follows:

=

d’os Z 7I1+ 2 Y

I=x1

-1)' R(w) cos(2ImE / hw)
' (I7)? sin*(IrQ/ w)

A= R@) B 1
4 Z](IW) sm(lﬂ'w/Q){[<2ﬁQ) G@ )+l7r

+(i> co:(l"—“’)] cos(ZI"E) +< E ) i (21"5)} (A2.11)
20 Q w0 ) T \aa) "™\ R /S '
In case (iii), where all three frequencies in (A2.1) are equal, we denote this frequency

by Q. The singularities at 8, = 27li/ #{) are now of the third order, so the calculations
of the residues are more tedious, but still straightforward. The result is

_(=1)'Qu(8B) exp(EB))
’ Bi(hQ)

o(E2e)_2E_20:8), QB B +1_(m)2>.
Qs(Bl) BI ﬁle(Bl) 2Qs(Bl) ﬁf 8

One can reduce Q(B8,)/2Q.(B)) to (u.B)’D(1)/8, where D(Q) is given by (27).
Summing up all the residues, we finally obtain

(m) (-1)’R(Q)) B 11/ E\ . (2inE
2y {[(2,,9)+,,,]<m>sm< m)
wB\G@) 1(wB) o 1 EY

< (L2) 9L oy L (E)

1 3 2lmE
+§+4(1r1)2] °°s< ) >} (A213)

s

(A2.12)

¢os(E) =
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Appendix 3. The proof of equations (14)-(16)

Since 3f/3E is very close to —8(E — u) at low temperatures (kT « u ), the steady part
F,; can be readily calculated from the following formula (Wilson 1965):

. a_f - _7"'_2 2.4(2) __7_14 44 (4) _
L ¢st(E)aEdE— dalp) 6(kT) b5 (1) 360(kT) U7 Ea (A3.1)

To evaluate the oscillatory part F,; we need the following integration:
* 2l7E\ of
I = -— | —dE. A3.2
) J °°S<m )aE (43.2)

We cannot use (A3.1) in this case, since the cos function oscillates around u, so
we do it in the following fashion:

_ . * exp[2ilm(E —p)/ hQ;]dE
5= R°<°"p“2’”“/ hi,)p J fexpl(E ~u)B/2] +exp[—(E u)B/2]}2>

x 4milZ/BhQY;
exp(4mi Z/ﬂ J)dz)
—Bu/2 cosh™ Z

=—%Re<exp(i21ﬂ,u./hﬂj) 4[ (A3.3)
where Re{ } means the real part of { }. The lower limit of the integral can be replaced
by —o© when Bu =u/kT » 1. Then the path of the integration can be closed by the
upper semicircle and the integral can be evaluated by the sum of the residues of the
second-order poles at Z=i(n+3)7, n=0,1,2,.... Replacing Z by y=Z~i(n+%)m,
and putting cosh Z =i(—1)" sinh y, one obtains

“*exp(4mliZ/BhQY;)
J'—a: cosh® Z dz
3 4mily/BhSY;)
== —7221(2n+ . exp( J
ngo exp[ ™ (2n 1)/Bhﬂj] é Sinhz y dy
_ (_ exp(=27°l/ BhQ,) )(_ sﬂn)
1—exp(—47°l/ BhQ;) BhQ,
_ 47l/k0B
~sinh(27l/ BhQ,)’ (A3.4)
Thus
271/ BhQY, <2l7m>
'~ sinh (2717800, O\ Ry, ) (A3.5)
Substituting (A3.5) with j =1, 2, 3, into
o« af
Fos= os—dE '
J‘o ¢ dE (A3.6)

where ¢, is given by (19), we finally obtain (23).
When only two frequencies are equal, we have to evaluate F,, using ¢.,(E) given
by (A2.11). We need another integral given by

* . [2lmE\ of
I = ddibdy LAY )
J.o Esm( Py )aE dE (A3.7)
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We can obtain / by the following arguments. Since E does not oscillate around g,
only sin(2l7E/#8) on the rHs of (A3.7) needs the above special treatment. If we
consider the imaginary part of the rus in (A3.3) we have

®  (2mE\ 3f 271/ BRQ _(2177,;)
NS yE = . A3.8
L S"‘( 7O )aEd sinh(272l/BRG) (A38)

Hence when kT « u,

I=pu J’ sin(zl#E>a—de

0 nQ /80
27ilu/BRO (217w>
sinh(2721/ Bh Q) wQ ) (A3.9)

In fact, one can calculate (A3.7) by observing that I =—(#Q/27)al;/al, where [; is
given by (A3.2), with Q; replaced by ). One will find that both results agree well
when kT « p.

Similarly, one needs

= InE
J=J E%os(zL)a—de

0 hQ JoE
2 2
w27l R (2177;/,)
__ 10
sinh(2721/ 8r0) "\ h (A3.10)

to calculate F,, via ¢ (E) given by (13) in the case where three frequencies are the
same. One can also evaluate the integral J by observing that J = —(#Q/2m)* 821}./812.

Combinations of (A3.9) and (A2.11), (A3.10) and (A2.13) give (24) and (26),
respectively.
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